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Abstract 
A new method is presented to compute the outer-region matching data which play a crucial role in 

resistive MHD stability analysis in a tokamak plasma. The method also provides an alternative method 

for the ideal MHD stability analysis which can identify the marginally stable state. In the present 

method, an eigenvalue problem is posed for the Newcomb equation, one dimensional marginally stable 

ideal MHD equation. And then, the finite energy part of the solution for the Newcomb equation is 

divided into two components: the eigenfunction whose eigenvalue is the nearest to zero and the remain-

der which is orthogonal to the eigenfunction and satisfies a singular equation. An integral relation by 

Pletzer-Dewar [J. Plasma Phys. 45, 427 (1991)] is employed to abstract the matching data from the fi-

nite energy part of the solution. Numerical experiments are performed to demonstrate effectiveness of 

the new method for a model equation with analytical solutions and for the Newcomb equation in the m 

= I mode theory (m: poloidal mode nurnber). 
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1, Introduction 

The matching data play a crucial role in the linear 

and nonlinear stability analyses of resistive MagnetoHy-

droDynamic modes in a tokamak plasma. In resistive 

MHD stability analysis, the plasma is divided into two 

regions [1, 2] . In the outer region far from rational sur-

faces, the plasma can be described by the ideal MHD 

equation without inertia. The equation in this region, 

called the Newcomb equation [3], has regular singular 

points at the rational surfaces. In the thin inner layer 

around a rational surface, all dynamics such as inertia, 

electrical resistivity and viscosity must be retained. 

However, equations of motion can be substantially re-

duced in the inner layer. The solutions in both regions 

are asymptotically matched and then the nonideal 

MHD motion of the plasma is determined. The quan-

tities to be matched are called matching data. 

A reliable numerical method has not been avail-

able before the advent of the paper by Pletzer and 

Dewar [4]･ The Newcomb equation is homogeneous 
and the solution is expressed as the linear combination 

of the square integrable solution (small solution) and 

the non square integrable solution (big solution) around 

a rational surface. In ref. [4] the problem is reformu-

lated as a boundary value problem of an inhomogene-

ous equation whose solutions are in a set of square inte-

grable functions. The source term in the inhomogene-

ous equation is constructed from the big solution. This 

boundary value problem has a quadratic form and the 

variational principle can be derived. Therefore, a finite 

element method [5] can be applied for this problem. 

Their method is applicable to a finite beta plasma in a 

two dimensional toroidal configuration [6]. However, 

this method can not be applied when the plasma is 
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close to the marginal ideal MHD stability because the 

small solution satisfies the boundary conditions by itself 

and the Newcomb equation becomes singular for the 

marginal stability case. An important example is the m 

= I mode instability in tokamak plasmas [7, 8]. 

In the present paper, we propose a new method, 

termed the eigenvalue method, to compute the outer-

region matching data in a one-dimensional problem. 

We pose an eigenvalue problem for the Newcomb equ-

ation instead of the boundary value problem. We divide 

the finite energy part of the solution into two compo-

nents: the eigenfunction with the eigenvalue nearest to 

zero and the remainder orthogonal to the eigenfunc-

tion. Then we derive a singular equation for the re-

mainder component. We also derive an integral relation 

to abstract the matching data. 

Except for the case of marginal stability, the eigen-

value method is equivalent to the Pletzer-Dewar 

method. However, the eigenvalue method has several 

advantages: it is a new method of ideal MHD stability 

analysis by which the marginally stable state can be 

identified, and it guarantees numerical stability in com-

puting matching data when a plasma is close to margi-

nal stability. 

In section 2 we give a brief review on the outer-

region matching data and the Pletzer-Dewar method. In 

section 3 we formulate the eigenvalue method to com-

pute the matching data. Here, we discuss the boundary 

conditions at the rational surface appropriate to the 

eigenvalue problem and boundary value problem. Such 

a discussion has not been sufficiently given so far. We 

also derive the variational principle for the singular 

equation associated with the eigenvalue equation, which 

justifies employing the finite element methods. In sec-

tion 4 we give a proof on the uniqueness of the match-

ing data computed by this method. We verify the pres-

ent method by applying it to a model equation in sec-

tion 5, and by using this method we compute the 

matching data for the m = I Newcomb equation and 

compare the results with the m = I mode theory in sec-

tion 6. Discussion and conclusions are given in section 

7. 

2. Outer-Re9ion Matchin9 Data 
Let us consider the following boundary value 

problem : 

~~ ~s ddx(f(x) ~~ ) 

~ dx ~g(x)~=0 , xe[O,a] , (1) 

~(x= O) = ~(x= a) = O (2) 

We assume that Eq.(1) has the regular singular point 

xb e (O, a) and that the functions f(x) and g(x) can be 

Taylor expanded around x = xb as 

f(x) =fo(x-xb)2+ (x- xb)3 + ' ' ' , 

fo > o , (3) 
g(x)=g0+gl(x-xb)+ ' ' ' , go ~ O . (4) 

The Newcomb equation, the one dimensional margi-

nally stable ideal MHD equation [3], has the same form 

as Eq.(1) and the regular singular point corresponds to 

the rational surface. In the Newcomb equation the iner-

tia of the plasma is neglected as well as any nonideal ef-

fects such as electrical resistivity. 

As is well known [4], the regular singular point 

separates the region [O, a] into the left side region [O, 

xo) and the right side region (xo' a] . Equation (1) has 

two fundamental solutions in each side which can be 

expressed by the Frobenius series around x = xo as 

~(x)= Ix-xolpll2~p ~ ~m(x-xo)~ ' 
~=0 

p = L, R, (5) 
where lx - xoiR = O (lx - XolL = O) for x e [O, xo) (x e 

(xo' a]) and lx - XolR = x - xo (lx - XolL = xo ~ x) for 

x e (xo' a] (x e [O, xo) )' In Eq.(5), the index /1, called 

the Suydam-Mercier index, is given by 

// = t (6) 
Here we assume that the Suydam stability condition, 

1 + go > o (7) ~ fo ' 
is satisfied and /1 is a positive real number. Therefore, 

the fundamental solutions, Eq.(5), comprise the "big 

solution" wrth the power I / 2 - //, which is not 

square integrable, and the "small solution" with the 

power -1/2 + //, which is square integrable. The solu-

tion ~(x) of the boundary value problem, Eq.(1), is ex-

pressed as 

~(x) = c*(~~(x) + AL ~L(x)) + c* (~~ (x) 

+ A*~~(x)) , (8) 
where ~~(x) (p = L, R) behaves as the big solution and 

~~(x) behaves as the small solution near the point xo' 

The coefficients Ap are the "outer-region matching 

data" with which we are concerned. They are deter-

mined from the boundary condition at x = O for AL and 
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at x = a for AR. The coefficients cp are the undeter-

mined constants. 

In the resistive MHD stability analysis, it is more 

convenient to define A' = AR + AL and r' = AR - AL 

and to express the solution ~(x) as 

~(x) = c+ ~~(x) + ~ (A'~~(x) + H~~(x)) 

+ CL ~~(x)+~(r'~~(x)+A'~~(x)) , (9) 

where ~~ = ~~ + ~~ and ~~ = ~"R - ~~ (ce = b or s) 

and A' = A', B' = r'. For example, the dispersion rela-

tion for the tearing mode (odd parity mode) is given by 

A' = A (co) , 

where co is the complex frequency of the mode and the 

"inner-region matching data" A(w) is determined by 

the solution of the inner layer equations [8]. 

In the method proposed by Pletzer and Dewar [4], 

the solution ~(x) for Eq.(1) is divided into the finite 

energy part ~p(x) and the infinite energy part ~p(x) 

defined by 

~p(x) = H(x)~b. (10) 
Here ~~ is expressed by the Frobenius series, Eq.(5), 

truncated at finite terms and H(x) is a support function 

(H(xo) = I and H(x) = O for lx- xol > e and 6 > o is 

a given constant). 

The finite energy part ~p (x) is numerically com-

puted by solving the equation 

~~p(x) = -(~~p(x) ), (11) 

with the same boundary conditions with Eq.(2). The 

solution ~p(x) behaves as the small solution near the 

point xo and the matching data are abstracted from 

~p(x) by using the bilinear concomitant. However, this 

method is not applied when the plasma is close to the 

marginal ideal MHD stability because the small solution 

satisfies the boundary conditions by itself to yield I Apl = 

oo and the operator ~becomes singular for this case. As 

pointed in the paper [9], it is more suitable to express 

the solution ~(x) of Eq.(1) as 

~(x) = cL(~~(x) + ALI ~~(x)) + CR (~~ (x) 

+ ARI ~~(x)) , (12) 

when the plasma is close to the marginal stability. In the 

next section we propose a new method to compute the 

outer-region matching data in the form of Eq.(12). 

Thus, matching data can be numerically computed for 

the plasma close to the marginal stability. 

3. Eigenvalue Method 
When a plasma is in the marginal stability, Eq.(1) 

has a nontrivial solution which is square integrable and 

satisfies the boundary conditions, Eq.(2). To explore 

such a case from a general point of view, Iet us consider 

an eigenvalue problem 

~~(x) = - ~p(x)~(x) , (13) 

instead of Eq.(1). Here ~(x) is square integrable and 

p(x) is chosen as 

p(x) = po(x- xb)2 , po e O . (14) 

where po is a given constant. The Suydam-Mercier 

index is assumed to be 

O < /~ < I , (15) 
which will suffice for the almost physical applications. 

The quadratic form yielding Eq.(13) by variation is 

given by 

( f" ) 

W(~,~)- ~ ¥Jop(x)j~(x)12dx- I , (16) 

where the potential energy W(~, ~) is 

f : ( 

W(~,~)= f 
d~ 
dx 2 ) +gl~12 dx (17) 

In Eq.(16), ~ plays the role of the Lagrange multiplier. 

The bilinear form corresponding to Eq.(17) reads 

f : ( ) d~* d~ 
W(~'~)= f dx dx + g~*~ dx (18) 

where * denotes the complex conjugate, and the bili-

near concomitant is given by 

d 
~*~~ - ~(~~* = - P[~, ~;x] , (19) 

dx 

( * - *) . (20) d~ ~ d~ P[~,~;x] ~ f(x) ~ 
dx dx 

The proper boundary condition is obtained from 

Eqs.(19) and (20) for ~ and ~ at the regular singular 

point xo to make the operator ~ self-adjoint. Let ~if be 

a set of square integrable functions whose singularity is 

at most lx - xol-1/2+~ at xo' Then we get 

d~ 
xlimxb f(x)~*~~=0 , ~ ~e ~f, (21) 

for the function f(x) given by Eq.(3), and the relation 
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(~, ~~) = (9~, ~)* , (22) 

follows for ~. ~ e J~~, where 

(f, g) = f : f*(x)g(x)dx . (23) 

Equation (22) means that the operator ~7 is self-adjoint 

without boundary conditions for ~ and ~ at the regular 

singular point as long as they are in ~if (natural bound-

ary conditions [10]). Thus the natural boundary condi-

tion for ~ should be imposed at the regular singular 

point xo When we apply a finite element method for 

Eq.(16). 

We observe several fundamental theorems on the 

eigenvalue problem, Eq.(13). First, Eq.(13) has two 

kinds of eigenfunctions ~L(x) and ~R(x) such that 

~L(x) ~ O, forO < x < xo, 

~L(x) = O, for xo < x < a, 

and 

~R(x) = O, for O < x < xo' 

~R(x) ~ O, for xo < x < a, 

and all eigenfunctions behave as the small solution near 

the point x = xo With the same exponent -1/2 + I/' 

The first two terms in the Frobenius series of all eigen-

functions are the same for the weight function p(x) 

given by Eq.(14). Next, Eq.(13) possesses the classical 

Strum-Liouville properties [10]: the spectrum of 

Eq.(13) comprises real and denumerable eigenvalues 

that can be ordered in the form of ~l ~ ~2 ~ ･ ･ ･ , any 
two eigenfunctions ~j and ~k belonging to different 

eigenvalues are mutually orthogonal, 

(~j, p~k) = O , (24) 
and arbitrary square integrable function ~(x) can be ex-

panded in terms of ~j's, 

~ 
~(x)= ~ cj~j(x) . (25) 

j= 1 

Finally, for each eigenfunction ~j with the eigenvalue ~j , 

the relation 

W (~j, ~j) = ~j ' (26) 
follows provided that ll ~fll2 = 1, where the norm of a 

function ~(x) E g~is defined by 

ll ~jll2 ~~ (~, p~) . (27) 

Therefore, the plasma is marginally stable if the smal-

lest eigenvalue of Eq.(13) is null (h = O), and the 

plasma is unstable if Eq.(13) has negative eigenvalues 

because a square integrable function ~ making the 

potential energy W(~, ~) negative can be constructed 

[3]･ Consequently, the eigenvalue problem, Eq.(13), 

with the weight function p(x) given by Eq.(14), pro-

vides an alternative method of ideal MHD stability ana-

lysis, which can identify the marginal stability, whereas 

the conventional spectral methods cannot [1 1-13] . 

In the present eigenvalue problem, it is crucial to 

choose both the weight function p(x) as Eq.(14) and 

the natural boundary condition at the rational surface. 

Both of them determine the spectral structure of 

Eq.(13). If p(x = xo) > o, which is the case in the con-

ventional methods, then the Mercier-Suydam index ll 

for the eigenfunctions depends on the eigenvalue ~. 

This allows Eq.(13) to have continuous spectra and the 

eigenvalue corresponding to the marginally stable state 

cannot be numerically singled out among them. More-

over, the behavior of eigenfunctions near the regular 

singular point xo differs from that of the small solution 

of Eq.(1), which will fail the validity of both the above 

and the following discussions. 

Now let us return to Eq.(1). It is convenient to 

write the solution ~(x) as 

~p(x) = ~p,o (x) + ~o~p (x) + ~oQp ~~(x) , 

p =L, R . (28) Here ~p,o(x) is the eigenfunction of Eq.(13) 

eigenvalue ~o Satisfies l~ol = min I~jl (j = 1, 2, 

and ~p is orthogonal to ~p,o(x), 

(~p,o' P~p) = O . 

The function ~p Satisfies the singular equation 

~~p(x) = p(x)~p,o (x) - Qp~~; (x) , 

with the boundary conditions 

~ (x O) ~ (x = a) = O . 

The solubility condition for Eq.(30) determines 

give 

Qp = II~p,o 112 

(~p,o' ~~bp) ' 

whose 
) 

(29) 

(30) 

(31) 

Qp to 

and the solution ~p of Eq.(30) satisfies the relation 

W(~p, ~p) = Qp(~p, ~~~) -

(32) 

(33) 

The outer-region matching data in Eq.(12) can be 

computed by using the solution ~p as follows. By com-

paring the finite energy part 
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~f(X) = ~p,o(X) + ~o~p(X) ' (34) 

in Eq.(28) with that in Eq.(12), we see ~f(x) = cf~~(x) 

and 

~p(x) = ~p,o (x) + ~o~p (x) + ~oQp~~(x) 

= cf(~p (x) + Apl~~ (x)) . (35) 

Therefore, the outer-region matching data is given by 

A~1 = ~oQp/cf' NOW We substitute ~f(x) and ~~(x) into 

Eq.(19) to obtain 

(~~, ~~f) ~ (~f' ~~~)* 

d~ d~b* [^ f ~f J = ,imxof(x)[~b* ~ d~ 
P dx 

= -2f0/lCf 

By usmg the relation ~~f = ~ Qp 9~bp, we obtain 

1 2foll cf (~f' ~~bp) + ~oQp(~bp, ~~~) 

(36) 

(37) 

Substituting Eqs.(32), (33) and (34) into Eq.(37), we 

get the formula for A~1 expressed by 

2 fo pt Q~ 

Ap = ~O 
ll~p,oll2 + ~o [ W(~p, ~p ) + Q~ (~bp, ~~~ )](38) 

We see that the matching data A~1 tends to zero as 

O(~o) when the plasma approaches the marginal sta-
b ility . 

A singular equation such as Eq.(30) can be nu-

merically solved by using a finite element method. The 

quadratic form corresponding to Eq.(30) is 

W(~p, ~p) + 2(~p, h) + 2v(~p, P~p,o) ' (39) 

h(x) = p(x)~p,o(x) - Qp~~~(x) , (40) 

where the scalar v is the Lagrange multiplier. By requir-

ing that this quadratic form be stationary for the varia-

tions of ~p(x) and v, we obtain the following equations 

for ~p(x) and v: 

(41) 

because they have the solution of v = O. Moreover, 

they are well posed even if the operator ~ is singular. 

We can apply a finite element method to Eqs.(39) and 

(40) instead of solving Eq.(30) directly. 

As known from the derivation, the present eigen-

value method can also be applied to cases when the 

plasma is far from the marginal stability. It is not neces-

sary for ~o to be "small". However, the present method 

is not applicable if Ap = O, i.e., the big solution satisfies 

the boundary condition itself. On the other hand, the 

boundary value method by Pletzer-Dewar can be ap-

plied for the Ap = O case. So, the two method can be 

regarded as complementary. We can obtain the match-

ing data in the whole region, o ~ I Ap I ~ co, by using 

the both method. 

4. Effects ofTruncation ofthe Big Solution 

In this section, we proof that the matching data 

given by Eq.(38) is unique and invariant against the 

truncation of the Frobenius series of the big solution. 

First, we derive the condition for the existence of 

the integral (~~, ~~~) in Eq.(38). If the Frobenius 

series for the big solution, Eq.(5), are truncated at the 

first m terms, we obtain 

~?~p= rm lx- xolpl/2-u(x- xo)m + ' ' ' , x -> xo ' b 

~~p(x) - vp(X)~p,o (x) = h(x) , 

Equations 

(p~p,o' ~p) = O (42) 

(41) and (42) are equivalent to Eq.(30) 

where r* rs a constant. It is easy to see that, for 

(~~, ~~~) to be finite, the truncated big solution has to 

be chosen at least as 

1 
~ (x) Ix xolpl/2 u forO < /1 < ~ , (43) 

or 

~~(x) = Ix - xo lpl/2-u(1 + ~1 (x - xb)) , 

1 

for ~ < // < I (44) 
Here we do not consider the degenerate case of l/ = 

1 / 2, for simplicity. 

Let ~~,.**(x) be a truncated big solution expressed 

by more terms than Eq.(43) for O < /1 < 1/2 or 
Eq.(44) for 1/2 < /1 < 1. If we write 

~;(x) = ~~,~.*(x) + 8~(x) , (45) 

d~(x= O) = 6~(x = a) = O , (46) 

then we find 6~(x) to be a square integrable and 6~ = 

o(~~), i.e., 
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We decompose 6~(x) into 

6~(x) = e~p,o(x) + ~(x) , (~ pn) = O (47) p,o ' 

n(x= O) = ~(x= a) = O , (48) 

and compute the changes of Qp, ~p(x) and the finite en-

ergy part ~f(x). By substituting Eq.(45) into Eq.(30), 

we get 

~~p (x) = p(x)~p,o (x) - Qp [~~b (x) 
p , ~.~ 

- e~oP(x)~p,o (x) + 9~(x)] . (49) 

Then the solubility condition for Eq.(49) is 

ll~p,o ll2 - Qp(~p,o' ~~~,~ew)(1 cco) = O , (50) 

where 

co = ~o 11 ~p,o ll 2 (5 1) 
(~p,o' ~e~bp,"ew) ' 

In Eq.(50), we use (~p,o' ~~) = O. Here we assume 

Ao ~ O because we have nothing to do if ~o = O. While 

~p,".~ (x) has to satisfy the singular equation similar to 

Eq.(30), which is given by 

~~p n'~ (x) = p(x)~p o (x) - Q ~~b (x) , (52) 
, , p , ".~ p , ".~ 

and from the solubility condition for Eq.(52) we have 

ll~p,o ll2 - Qp ".~(~p o' ~~b ) = O . (53) 
, , p , ne~ 

By comparing Eq.(53) with Eq.(50), we obtain 

co 

Qp ne~ = ~~o (54) = Qp(1 - cco) . 

By using Eq.(54), we can rewrite Eq.(52) as 

~~p,".~(x) = (1 - eco) ~~p(x) +~ ~~(x) . (55) 

The operator ~ in Eq.(55) can be removed because 

~p,".~(x) and n(x) are square integral functions satisfy-

ing both the same boundary and the same orthogonal 

conditions. Then we obtain 

~~73~~~i~lo~= 1997~~lo~j 

~ (x) = (1 - e(o) ~p(x) + ~ ~(x) . (56) 
p , nc~ 

Now, it is easy to compute the change of the finite en-

ergy part in Eq.(34). It is 

~f'ew (x) = (1 - 6co)~ (x) + co8~(x) (57) 

Equation (57) is substituted into the integral relation, 

Eq.(36), for cf'*ew ' The left hand size of it becomes 

p ne~ ' ~~f 'ew ) ~ ( ~: ~~~,..~ ) (~b, 
¥ bf '**~ ' 

= (1 - 6co)[(~~, ~~f) ~ (~f' 9~~)] 

+ co[(~~, ~~~~) - (6~, ~~~)] ･ (58) 

However, (~~, ~6~) = (6~, ~~~) because 6~ = o(~~) 

[4]･ Therefore, we obtain 

cf **~ = (1 - 6co)cf ' (59) 

and 

Ap,~.~ ~ Qp ne~ h Q A- (60) = o p= 
q, **~ cf 

In summary, we obtain a fundamental theorem on the 

present method: 

e the matching data computed by Eq.(38) is unique 

as long as the infinite energy part is so defined that 

the integral ( ~~, ~~~ ) exists. 

A similar theorem also holds for the original boundary 

value method by Pletzer-Dewar. 

5. Application to a Model Equation 

The eigenvalue method is applied to a model equ-

ation : 

~ ) 
( f (x ) 

d d~ ~~ ~~ ~~ ~g(x)~=-~p(x)~ , 
x e [0,1] , (61) 

where functions f(x), g(x) and p(x) are given by 

f(x) = (x - xo )2 (62) 

1 (63) g(x) = (a2 - ~ ) ~ fi2 (x - xb )2 

and 

p(x) = (x - xo)2. (64) 

The big and small solutions for Eq.(61) are analyiically 

expressed by 
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( " = ) ~~(x) ~ r (1 - a) Ix - xo lpl/2 
2 

J_a(plx- xo lp) ' 

( -" = ) ~ ~~(x) 2 r (1 + a) Ix - xo lpl/2 

Ja(fi]x- xo]p) ' 

Here, J d~ * is the Bessel function defined by 

J*(x) ~ " ~Di~~~~ ( " ~ ) ~ 
2 n!r(a+ n+ 1) ' ~=0 

(65) 

(66) 

{: 1 eJ+1/2(x)- O 
forxj < x < xj+1 , 

otherwise. 
(74) 

(67) 

and r(a) is the gamma function. The Suydam index ll 

is equal to a for the present case. In the following, we 

limit ourselves to p = L to specify the problem. 

The matching data A~I is given by 

A function ~(x) and its derivative d ~/dx are approxi-

mated by 

N ~(x)= ~ ~j+2~j+1 ej+1/2 (75) 
(x) , 

j= 1 

and 

A-1 ~L(O) _ 
L ~ ~~(O) ~ 

_ ~ ~2' r(1+a) J.(pxo) 

2 F(1 a) J (pxb) 
(68) 

Therefore, we obtain 

A[1 = O for p J.,~ (69) 
xb' 

and 

AL = O for p J 
~"'" (70) xb ' 

where j*,~ is the n-th zero point of the Bessel function 

J*. Equation (61) has eigenvalues 

d~ 
dx 

N 
~ 
j= 1 

The nodes {xj}j=1, ' 

0=xl < ･ -

XJ+1 ' ' 

~, ej+1/2(X) , ~j+ I ~ ' 

Xj+ I ~ Xj 

2 

n= ) ( - , j 

h a'n 2 xb p 
and the normalized eigenfunctions given by 

(71) 

. ,N+1 defined as 

~L,~(X)= ct 1/2 J (~p + hL ~ t) for x < xo ' (72) 

and ~L,~(x) = O for x > xo' Here t lx xbl and the 

normalization factor ~ is 

-1/2 ~ (foo = tJ~a (~p2 + ~L'n t) dX ) 
(73) 

In applying the eigenvalue method to the present prob-

lem and the m = I mode theory, we utilize the lowest 

hybrid finite elements {ej+1/2(x) } [5] defined by 

(76) 

<XJ 1<xJL XJR=xb< 

< xN+ I = I (77) 
are generated by xj = F(j) with the generating function 

xb 1-(1 ~ i)y 1~j<J, [ -~ I , 

F(j)= xb ' j=J, (78) 
xb+(1 xo) N+1JJ y J<j~N+1. - ( -), 

The parameter y characterizes the node accumulation 

around the regular singular point xo' Its value for a < 

1/2 is chosen in such that finite element solutions re-

produce the singular behavior at xo of the eigenfunction 

~p,o(x) and of the solution ~p(x) in Eqs.(41) and (42). 

Whereas the uniform distribution of the nodes ( y = I ) 

suffices for a ;~ 1/2 because ~p,o(x) and ~p(x) are fi-

nite at xo' 

Equation (6 1) is reduced by the finite element ap-

proximation to a linear equation of the unknown vector 

(the symbol t denotes transpose of a vector) 

~ ~~~ (~1' ' " bJL' ~JR, ' ' , ~N+1)t . (79) . ~: ~: . 

The natural boundary condition can be imposed by 

removing the coupling between ~JL and ~JR in the linear 

equation. The boundary condition for Eqs.(41) and 

(42) can be imposed by the same procedure. A detailed 

description of solving methods of linear equations re-

duced by the present method is found in ref. [ 14] . 

Figure I shows ~L,o(x) and ~L(x) numerically ob-

tained by the eigenvalue method for a = 3/8, p = 7.4 

and xo = 0.4 with N = 800 and y = 2.7. The singular 

behavior of ~L,o(x) and ~L(x) at xo is well illustrated in 

Fig. 1, which verifies the natural boundary condition at 
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the singular point, xo' The accuracy of the eigenvalue ~o 

and the matching data A[1 obtained by the eigenvalue 

method is already satisfactory for N = 800; they are 

~o = 0.1058341, A[1 = 0.7235707 X 10-3 

and Eqs.(68) and (71) give 

~o (analyiical) = O. 1057985, 

A[1(analyiical) = 0.7233488 X 10-3 

where the values of the Bessel function J*(x) are evalu-

ated according to ref. [15]. 

The present eigenvalue method provides the quad-

ratic convergence property with respect to the node 

number. Figure 2 shows the dependence of 6~ and the 

relative error of A[1 to the analyiical value, 6A[1, on 

1/N2 for the parameters in Fig. 1, where 

6~ = ~o ~ ~o (analytical). 

These results by Figs.1 and 2 demonstrate that the pro-

posed method is satisfactory. 
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1 50 
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1 ~L 
O 

,o 

1 

2 
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6. Comparison with the m = I Mode Theory 
The m = I mode provides a theoretically impor-

tant example for which the eigenvalue method pro-

posed in the present paper is fully exploited. In this sec-

tion, the analytical results of the Newcomb equation for 

the m = I mode are presented for the self-containment 

although the results are well known [7, 16]. Next, the 

eigenvalue method is applied to the m = I mode prob-

lem, and numerical results are compared with the the-

ory in detail to verify the proposed method. 

Fig. I ~L,o(x) and ~L(x) for a = 3/8, p = 7.4 and xo = 0.4 with 

N = 800 and y = 2.7. The singular behavior of them 

at xo is well illustrated, which verifies the natural 

boundary condition at xo' 

0.0 Io 
o 
6~ 

6A~L 1(o/o) 

-2.0 i0~4 

-4.0 I0~4 

-6,0 I0~4 

-8.0 I0~4 

-1 .o 

~~ 

'It 

C 

-0.2 

-0.4 

-0.6 

-0.8 

6.1 Newcomb Equation fovthe m = I mode 
When the length and the magnetic field is 

measured by the longitudinal length (major plasma 

radius) Ro and the magnetic fields at the plasma surface 

Bo, the Newcomb equation for the m = I mode is writ-

ten as 

) ( -~~ f(x)~~ 62g(x)~= o 

dx dx , 

f(x) = x3 (1 1 _ 1) 
1 + 62x2 ¥ q / 

= fo (x - xo )2 + fl (x - xo )3 + 
, 

(80) 

(81) 

Fig. 2 

10 800 400 320 i 1 60 240 
N (scaled as 1/N') 

Dependence of ~~ and ~A[1 on 1/N2 for the par-
ameters in Fig.1, where ~~ = ~o ~ ~o (ana]ytical) and 

6A[1 js the relative error of A[1 to the analytical 

value with ~o (analytical) = 0.1057985, and A[1 (ana-

lytical) = 0.7233488 x I 0-3. 

g(x) = 2 ( - ) 2 x3 12dP 2x 
+F 1 + 62x'-1+62x2 6 dx 

x f[ ( 1 1) - 2 (¥ I + 1) J 

1 + e2x2 q q 

= go + gl(x- xb) + ' 

1 1) (-
q 

(82) 

Here ~ stands for the radial component of infinitesimal 

displacement of the plasma, 6 = a/Ro With a being the 

plasma radius, q is the safety factor with q(xo) = 1, F is 

the longitudinal magnetic filed normalized to F(x = 1) 

= 1. 

Since g(x) in Eq.(80) is assumed to be O(1), the 

equilibrium pressure p is 
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and 

1 dp_ O(1) , 
e2 dx 

dp _ O(x) as x - O 

dx 

(83) 

(84) 

The Suydam index /1 for Eq.(80) is given by 

)2 , /12 ~1+2 ( q dp I (85) 
= 4 x dq/dx dx F2 

and /1 = 1/2 + O(62), that is, the plasma is close to the 

marginal stability for the m = I mode due to Eq.(83). 

In this work, we employ the fixed boundary condi-

tion 

~(x= 1) = O , (86) 
by assuming an ideally conducting wall at the plasma 

surface. The plasma center (x = O) is the additional 

regular singular point of the Newcomb equation in a 

cylindrical plasma and the regularity condition has to 

be imposed at x = O; for the m = I mode, it is 

d~ 
dx = O at x = O (87) 

We first study the solution for x < xo' For 6 O 

Eq.(80) has the solution 

{ 1 , forx < xo , 
~L(x)= O , forx> xo , (88) 

which is the small solution for the marginally stable 

state of ~ = O. Therefore, the eigenvalue in O(62) is 

given by 

~ = 62c , (89) 
J~ g(x) dx 

cf~ "p (x ) dx (90) 

Equation (90) implies that in O(62) the plasma is un-

stable against the m = I mode when q(x) is an increas-

ing function with qo = q(x = O) < I (ideal m = I inter-

nal kink instability). Such a profile makes g(x) negative 

for x < xo yielding a negative eigenvalue. 

Let us compute the O(e2) correction to Eq.(88). 

Substituting ~L(x) = I + 62~L(x) into Eq.(80) we obtain 

( f (x ) = (9 1 ) ) d d ~L g (x ) 
dx dx 

By using the regularity condition, Eq.(87), we have 

where 

~ (x) = w(z) dz ' L fo f(z) 

r W(X) = g(Z)dz 

(92) 

(93) 

On deriving Eq.(92) we used the relation g(x) = O(x3) 

as x - O obtained from Eqs.(82) and (84). 

Let xl be a point such that functions f(x) and w(x) 

can be expanded for xl < x < xo as 

f2 f_1 1 
+ f,(x) , (94) = + f(x) (x - xo )2 x - xo 

W(X) = wo + wl (X- xo) + 

where f, (x) is analytic at xo' 

in Eq.(92) we obtain 

, 
(95) 

By using Eqs.(94) and (95) 

- f xl w(z) rxl wof_2 
~L (x) - dz + dz Jo (x-xo)2 o f(z) 

xl wof_1 + wlf_2 + f wr (z)dz fo 
dz + 

o x-xo 
wo f_2 

Xo~X 
+ ~Lr (x) 

+ (wof_1 + wlf_2 )log(xo ~ x) 

, 
(96) 

where w,(x) and ~L,(x) are functions analytic at xo' 

Equation (96) gives the expression of ~L(x) valid in the 

interval xl ~ x < xo' The first two terms in the right 

hand side of Eq.(96) represent the big solution con-

tained in ~L(x). The log function in Eq.(96) implies that 

the big solution is redefined [4] (see also Appendix A). 

From Eq.(96) and the relation f_2 = 1lfo, we have the 

matching data given by 

6 fo =~fo g(x)dx A[1 = wo (97) 
where the symbol "^" denotes the matching data for the 

redefined big solution. 

Let us next study Eq.(80) for x > xo' We limit 

ourselves to the case of e = O for simplicity. The corre-

sponding eigenvalue problem cannot be analytically 

solved and has to invoke the numerical method. The 

right side solution ~R(x) satisfying the boundary condi-

tion ~R(1) = O is 

* dy ~R(x) = a fl f(y) ' (98) 
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where a is an arbitrary constant. Since f(x) > o for 

x > xo' the expansion of 1/f(x) given by Eq.(94) is 

valid in the interval xo < x ~ I . Therefore, the solution 

~R(x) can be written as 

[ f_2 

~R(x)=a - +f_110g(x-xo) 
x-xo 
+ ~) + hr(x) J , (99) 

Where 

f_2 4) = I - xo ~ f_1 Iog(1 - xb) - fxb fr(x)dx 

and 

L･ , h.(x) = f (Z)dx hr(xo) = O ' 

(100) 

i .5 

q 

1 .o 

0.5 

o 

/ 

, 
, 

dq/dx . 

q 

-J'--

1 .o 

dq/dx 

0.5 

The big solution in Eq.(99) is 

-[ 1 fl ~~ (x) = + - Iog(x - xo ) 
x-xb fo 

. .] 
+ . 

(101) 

(102) 

Since the small solution behaves as ~~(x) = I + ' ' ' 

as x - xo' we have the right side matching data given 

by 

_ ~) I fl AR - f_2 = ~ I - xo ~~ Iog(1 x ) 

+ fo f : fr (x) dx (103) 

o 0.2 0.4 0.6 0.8 1 o 

o.o 

6.2 Numerical Experiments 
The safety factor used in the numerical experi-

ments has the functional form of 

)al b q(x) = q [[ I + ( , x 

xo (104) o j 

x 

Fig. 3 Profi]es of q(x) (solid line) and dq/dx (dotted line) 

for qo = 0.9, xo = 0.5 and a = 4. 

dP=_(} /12¥)~F2 dq/dx 2 ( ) dx q 

We also impose the relation 

1 
/1=~frl~ 

(105) 

(106) 

where qo is the safety factor at the axis, xo is the posi-

tion of the q = I surface. The parameter b is given by 

b = Iog(1 /qo ) 

10g 2 ' 

to meet the assumption, Eq.(83). From the equilibrium 

relation, the longitudinal magnetic filed F satisfies the 

equation 

1_ dF2 

e2 dx 
2 

from the prescribed value of qo' The parameters used in 

the present study are qo = 0.9, xo = 0.5 and a = 4, and 

Fig.3 shows the profiles of q(x) (solid line) and dq/dx 

(dotted line). 

The pressure gradient dp/dx is determined so that 

the Suydam index given by Eq.(85) is uniform in the 

plasma. Then we have 

1 + 62(x/q)2 

)) ( dx ( 7 (107) 1 dP+F2 d lx 
~~ dx q ¥ ' 

and the boundary condition 

F2(x = 1) = I . (108) 
By solving Eq.(107) with Eq.(105) and Eq.(108) we 

obtain the longitudinal magnetic filed F(x). 

On applying the eigenvalue method to the New-

comb equation for the m = I mode, we use the re-

defined big solution because the Suydam index is close 

to 1/2. We also change the unknown variable ~(x) to 

Y(x) = x~(x) since the regularity condition for Y(x) at 

the plasma center (x = O), 

Y(x) = O , (109) 

is convenient for the finite element method. The match-

ing data is invariant on such change of the variable as 

10ng as the big solution is not redefined. When the re-

defined big solution is used, the transformation law be-

tween the matching data Ap for Y(x) and Ap for ~(x) 

reads 
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^ 1 AR = AR + ~10 AL = AL - Xb 
(110) 

The derivation of Eq.(1 10) is given in Appendix B. 

Finally, the weight function for the eigenvalue 

problem corresponding to Eq.(80) is chosen as 

( 1 1 )2 

p(x)=F2x2 -- (111) q 

Frgure 4 shows the e2 dependence of the first left 

side ergenvalue ~ The symbols " x " and "O" are for 

eigenvalues numerically obtained with N = 200 and 

calculated by Eqs.(89) and (90), respectively. The 

agreement between the two is excellent: 

~L (numerical) = -0.05388804, 

~L(analyiical) = -0.05401794, 

for 6 = 0.05. The left side eigenvalue is negative and it 

implies that the ideal m = I mode is unstable. Figure 5 

shows the e2 dependence of the first right side eigen-

value ~R (N = 200). The right side eigenvalue is posi-

tive, which, of course, means the m = I mode is stable 

in the region of x > xo' We illustrate in Fig.6 the first 

eigenfunctions, YLo(x) and YRo(x), in the left and the 

right sides for 6 = 0.05 and N = 200. The profile of 

YLo(x) is nearly straight according to Eq.(88). 

Figure 7 shows the left side matching data A[1 ob-

tained by the eigenvalue method (symbol "O") with N 

= 200 and by Eq.(97) (symbol " x "). The matching 

data computed by Eq.(97) for ~(x) is transformed to 

the matching data for Y(x) according to Eq.(110). The 

matching data for 6 = 0.05 is 

A[1 (numerical) = -0.2097123 X 10-3 

A~ ~1 (analyiical) = -0.2112248 X 10-3. 

The right side matching data AR is shown in Fig.8 (N = 

200). The matching data computed by Eq.(103) de-

picted by the symbol "e" is 

AR = 15 32481 

while the eigenvalue method gives 

AR = 15 30819 

for e = 0.05. Figure 9 shows ~p(x) (p = L. R), the fi-

nite element solutions of Eq.(30) for e = 0.05 and N = 

200, where the redefined big solution is used. 

Next, Iet us see the convergence property of the 

present method. Figures 10 and 1 1 show the depend-

ence of eigenvalues in the left and right sides for e = 

0.05, respectively, on the grid number N. Figure 12 

shows the convergence of A[1 with respect to 1/N2 

'LL 

o 

-5 

-10 

-15 

-20 

~25 

Fig. 4 

O 
JJ~J-~~JJJ JJ_~ J J J J-LL 

0.1 0.2 0.3 o .4 
L 
2 0.5 0.6 0.7 o ,8 

~R 

e2 dependence of the first left side eigenvalue ~L. 

The symbol "x" is numerically obtained eigen-
value wrth N 200 and "O" is for the eigenvalue 
calculated by Eqs.(89) and (90). 

45 

40 

35 

30 

25 
0.0 0.2 o 4 2 o.6 8 

0.8 1 .o 

Fig. 5 62 dependence of the first right side eigenvalue hR 

with N= 200. 

Y po 

40 

20 

o 

-20 

-40 

Y Lo 

Y 

Fig. 6 

o,o 0.2 0.4 
x 
0.6 o.8 

The first eigenfunctions, YLo(x), in the left 

which is nearly straight according to Eq.(88), 

YRo(x) in the right side for 6 = 0.05 and N= 200. 

1 .o 

side, 

and 

(e = 0.05), where A[1 is normalized to e2. These results 

confirm the quadratic convergence property of the 

present method for the Newcomb equation. 

Finally, we compare our eigenvalue method with 

the boundary value method by Pletzer-Dewar [4]-
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Left side matching data A[1 obtained by the eigen-

value method (symbol "O") and by Eq.(97) (symbol 
" x "). The redefined big so]ution is used on apply-

ing the eigenvalue method. Also, the matching data 

computed by Eq.(97) is transformed to the match-
ing data for Y(x) according to Eq.(1 10). 
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Dependence of the left eigenvalue ~L for 6 = 0.05 

on the grid number N. 
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Fig. 8 Right side matching data AR(N = 200). The symbol 

"o" depicts the matching data computed by 
Eq.( I 03). 

Fig. 1 1 Dependence of the right eigenvalue ~R for e = 0.05 

on the grid number N. 

--i A L Ie2 

~p 

10 

8 

6 

4 

2 

O 

-2 

-4 

~ ~R 

o.o 0.2 O.4 
X 
0.6 0.8 1 ,o 

-8 . 38 

-8.39 

-8.40 

-8.41 

-8.42 

1 o~ 2 

1 o~ 2 

1 o~ 2 

1 o~ 2 

1 o~ 2 

1 ooo 600 400 300 200 
N (Scaled as 1/N2) 

Fig. 9 Finite element solutions of Eq.(30), ~p(x) (p = L, R), 

for e = 0.05, N= 200. 
Fig. 12 Convergence of A[1 with respect to 

0.05. 

11N2 for e = 

Figure 1 3 shows the dependence of the right matching 

data AR On N for e = 0.6 (pt = 0.4). The symbol o is '' ,' 

for the eigenvalue method, and "O" for the boundary 

value method when the Frobenius series truncated at 

the first term is used for the big solution. While the 

black and white " A "s are for respectively, the eigen-
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14.5 

1 4.4 

1 4.3 

1 4.2 

14.1 

1 4.0 

AR 

1000 600 400 300 200 N (scaled as 1/N') 

13 Dependence of the right matching data AR on N 
for e = 0.6 (/1 = 0.4). The symbol "o" js for the 

eigenvalue method, and "O" for the boundary 
value method when the Frobenius series trun-
cated at the first term is used for the big solution. 

The black and white " A"s are for, respectively, 

the eigenvalue and boundary va]ue methods 
when the redefined big solution is used. 

Appendix A: Redefinition ofthe Big Solution 
When the Suydam index /1 is equal or close to 1/2, 

it is necessary to redefine the big solution. The Frobe-

nius series of the big solution up to the second term is 

~~ (x) = t~112-p + s(/1 )sgn(t) tll2-p . 

t=x- xo , (112) 
where 

Fig. 

value and boundary value methods when the redefined 

big solution is used. The matching data by the eigen-

value method well coincide with those by the boundary 

value method for the both cases. A11 cases converge to 

the same value quadratically with respect to 1/N2. 

These results demonstrate the theorem on the trunca-

tion of the big solution given in Sec. 4. 

7. Conclusions and Discussion 

The contribution of the eigenvalue method pro-

posed in the present work to the MHD stability theory 

is twofold. First, the method provides a new method of 

the ideal MHD stability analysis, which can identify the 

marginally stable state against ideal MHD motion. Sec-

ond, by using the present method, the outer-region 

matching data can be computed for a plasma close to 

the ideal MHD stability limit. Both imposing the natu-

ral boundary condition at the rational surface and de-

fining the appropriate weight function play a crucial 

role in the formulation of the eigenvalue method. Due 

to such a formulation, the spectra of the equation to be 

solved comprise of the point spectra (eigenvalues) with-

out the continuous spectra. 
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S1 1 fl S(pe)=- ~ 8/1~2fO 6Pt , 

fl + gl 

S_1 ~ fO ' 

(113) 

(114) 

and 6/1 = // - 1/2; fo' fl and gl are given in Eqs.(81) 

and (82). Then the redefined big solution is given by 

~~(x) = t~112-P 

+ s(pt ) sgn(t) (t;/2-~ _ t~1/2+~ ) (1 15) 

The second term in the right hand of Eq.(115) for l/ -

1/2 becomes 

lim s(/1)(t~12-P _ tpl/2+p)=sLllogtp , (116) 
P - 1/2 

and the linear independence between the big and small 

solutions is retained. From Eq.(1 12) we obtain the rela-

tion between the matching data Ap When the redefined 

big solution is used and the data Ap for the original big 

solution : 

AR = AR + s(/1) , AL= AL- s(//) , (117) 

and we see that the original matching data becomes in-

finity as // - 1/2, while the redefined matching data 

remains finite. 

Appendix B: TranSfOrmatiOn of the Matching 

Data 
The Suydam index is unchanged on the transfor-

mation of the unknown variable from ~(x) to Y(x) = 

x~(x). It is also easy to see that the matching data are 

invariant on such transformation if 2// ~ integer. Let 

us consider the case of // = I / 2. The Frobenius series 

of the big and small solutions for x > xo have the forms 

of 

~~(x) = I + alog(x - xb ) [1 + p(x - xo )] 

x-xb 

+ Q(x- xo) , (118) 
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~~(x) = I + R(x- xo) ' (119) 

where a is a constant, and each of P(t), Q(t) and R(t) 

is a function expressed by the power series of t without 

including a constant [ 1 7] . Therefore, we have 

{ 

x~~(x) I + 1 xo 
xo x-xb 
+ alog(x - xo) [1 + p(x - xb )] 

+ ~(x- xb)J , (120) 

and 

x~~(x)=xo[1 + R(x- xb)] - (121) 

Here, P( t), Q(t) and R(t) are again functions expressed 

by the power series of t without constants. We see in 

Eq.(120) that x~~(x) is a mixture of the big solution, 

~ ~(x), and the small solution, E~(x), for Y(x): 

x~R(x)oc ~R(x)+~ -R(x) . (122) 

Therefore, we obtain the transformation law between 

the matching data AR for ~(x) and the matching data 

AR for Y(x), 

1 

AR AR + xo ' (123) 

Similarly, we have 

1 

AL AL xo ' (124) 
Next, Iet us consider the case of the big solution re-

defined according to Eq.(115). Let s(/1) and S(l/) be 

the right hand side in Eq.(113) for Y(x) and ~(x). 

Then, by the same reason in Eq.(118), we have 

1 

xo (125) S(l/) = s(//) - ' 

By using Eq.(125) in Eq.(117) and the invariance 

property of the matching data Ap for 2/1 ~ integer, we 

have 

1 - 1 AR AR + xo ' AL AL - ~: ･ (126) 

Thus, the transformation law for the redefined big solu-

tion remains unchanged even for // - 1/2. Notice that 

the matching data computed by the MARG ID code 

are Ap and the data given by the m = I mode theory 
are Ap. 
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