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Abstract

Relationship between the density and magnetic field fluctuations of electromagnetic
plasma waves in an infinitely uniform magnetized plasma is studied based on MHD, two-fluid

and kinetic linear theories.
magnetic field fluctuation.

relationship including wave-particle resonances is obtained from the Vlasov equation.

In the MHD theory, density fluctuation is related to parallel
The density fluctuations of the shear and compressional Alfvén
waves are discussed. The two-fluid theory includes parallel electric field fluctuations.
breakdown due to the lack of wave-particle resonances is discussed.

The
In the kinetic theory, the
The

kinetic expression is compared with experimental results for the Alfvén ion cyclotron waves
observed in GAMMA 10 by means of the reflectometer measurement.
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1. Introduction

It is well known that electrostatic plasma
waves are originated by density fluctuations. On
the other hand, although so-called electromagnetic
plasma waves are casually thought to be free of
density fluctuations, it is generally unclear whether
electromégnetic plasma waves cause density fluc-
tuations or not. We need analyses to find out the
answer.

The aim of this paper is to discuss the
relationship between the density and magnetic field
" fluctuations associated with electromagnetic plasma
waves. We here consider electromagnetic plasma
waves with frequencies in the ion cyclotron range of
(ICRF) infinitely uniform
magnetized plasma. In section 2, the magnetohy-
drodynamic (MHD) theory approach is presented.

frequencies ‘in an

We analyze the density fluctuations associated with
the shear and compressional Alfvén waves in a cold
plasma and obtain the relationship between the
density and magnetic field fluctuations. In section
3, we discuss the relationship based on the two-fluid
theory in a hot plasma. We here include the
contribution of electric field fluctuations, which is
neglected in the MHD theory.. We also mention the
breakdown of the two-fluid theory due to the lack of
wave-particle resonance effects. In section 4, we
deal with the kinetic theory. We here derive the
relationship between the density and magnetic field
fluctuation from the linearized Vlasov equation,
where the wave-particle resonance effects are taken
into account. We see that the results of the kinetic
theory cover those of the two-fluid theory. The
wave-particle resonances describe the Landau
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damping and transit time damping by the electron.
In section 5, concerning with the ratio of the density
to magnetic field fluctuations. We compare the
expression by the kinetic theory with the recent
experimental result of Alfvén ion cyclotron (AIC)
fluctuations observed in GAMMA 10 by means of
measurement using both O-mode and X-mode
reflectometers. Finally, in section 6, we summarize
the results obtained in this paper.

2. MHD Theory

In this section, we discuss the relationship
between the density and magnetic field fluctuations
associated with electromagnetic plasma waves in
the ideal MHD theory, which is valid for very low-
frequency fluctuations. We here assume per-
turbed quantities with the plane-wave form given
by explilk, - r.+ kjz— wt)] for simplicity,
where w is the wave frequency, k, and ky (= Z - k)
the components of the wave number k perpendic-
ular and parallel to an unperturbed magnetic field
By, = B, 7, respectively. The vector Z is the unit
vector in the z-direction.

We here assume an infinitely uniform cold
plasma. We also assume that the unperturbed
magnetic field B, is uniform and the wave
frequency ® is much smaller than the ion cyclotron
frequency wq (= eBy/M;), where e is the ion
charge and M, the ion mass. Then, small perturba-
tions of the plasma are described by the linearized
MHD equations given by

o

ot + V- (0017) =0, (1)
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where FE is the electric field, B the magnetic field, v
is the flow velocity, j the current density and p the
mass density and g the permeability of vacuum.
Here, the suffix 0 denotes an equilibrium quantity
and the suffix —~ denotes a perturbed quantity.
We obtain, from egs. (1) through (3),
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Substituting egs. (7) and (8) into eq. (6), we obtain
op 1 =y
3% 00 + B Z (V X E)=0. 9

Since p = Min, where n is the plasma density, the
substitution of eq. (4) into eq. (9) yields the
relation between the density. and magnetic field
fluctuations as

(10

where B (= Z - B) is the parallel component of
the magnetic field fluctuation. In the ideal MHD
theory for a uniform cold plasma, we see that the
density fluctuation is related to the parallel
component of the magnetic field fluctuation. The
perpendicular component El of the magnetic field
fluctuation does not cause the density fluctuation.

We also obtain, from egs. (1) through (5),

E;=0, an
and two eigenmodes as follows:
w = Vaky with EH =0, 12)

o=V, (k}+ kv  with B, #0, (13)

where V, (= Bo/vtopo ) is the Alfvén velocity.
For the former mode (12), the density fluctuation
does not arise because of EH = 0. Therefore, it is
called as the shear (or torsional) Alfvén wave. On
the other hand, the latter mode (13) induces the
density fluctuation and therefore is called as the
compressional Alfvén wave.

We next consider the Alfvén waves near the
ion cyclotron frequency. When we take into
account the Hall effect, eq. (3) is replaced by [1]

E'+¢7><B.)=e—11%—}'><30. (14)

In this case, we obtain again eq. (11) and two
eigenmodes, i.e., the shear and compressional Alfvén
waves. We note that in this case the parallel
magnetic field fluctuation En for the shear Alfvén
wave does not vanish. That is, this means that the
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shear Alfvén wave as well as the compressional
Alfvén wave also induces the density fluctuation
when the wave frequency approaches near the ion
cyclotron frequency. For both the shear and
compressional Alfvén waves, the parallel magnetic
field fluctuation Eu is expressed by the Bessel
function [ (k.#) in an infinite cylindrical plasma,
where m denotes the azimuthal mode number and
the perpendicular wave number k, is given by

2 A?
R el e
i ‘ 1l ((l)ci) A— klzl

(15)
2
A ®

= ——, 16
Vi1 — w?/wd) (16)

From eqgs. (15) and (16), we can obtain the parallel
wave number k) as a function of w for a given k, as
follows:

where when w/wea < 1, the + sign describes the
shear Alfvén wave and the — sign describes the
compressional Alfvén wave. Since the magnitude
of the parallel magnetic field fluctuation depends on
the value of k, the difference in the magnitude of
the density fluctuation arises between the shear and

compressional Alfvén waves.

3. Two-Fluid Theory

In this section, we briefly discuss the relation-
ship between the density and magnetic field
fluctuations based on the two-fluid theory for an
infinitely uniform warm plasma. We assume that
the temperature is spatially uniform and that the
quasi-charge neutrality is well satisfied for the
electron and ion density fluctuations, that is, #e =
7 (= #). In this case, it is easier to study
dynamics of the electron density fluctuation # (=
7 ) rather than dynamics of the ion density
fluctuation. Small perturbations of the electron
density 7. and flow velocity ve are described by the
linearized two-fluid equations given by

7.

StV (e =0, (18)
ML o= —cE—cv.x B— L7 7.,
ot o
(19)
where T is the electron temperature. The perpen-

dicular motion of the electron is well approximated
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by the E X B drift as

gEXB"
B

Ues

(20)

and the parallel electron motion is given by, from eq.
(19),
o= — 2By T 7
Mw  Mew ny’
where E” is the parallel component of the electric
field fluctuation. Substituting egs. (20) and (21)
into eq. (18) and using eq. (4), we can obtain

(21)

& _ By _ Kivk [ i eEy | (22)

no By, 242 lng | kyTe

where v (= V2T./M.) is the electron thermal
velocity. From eq. (22), we obtain two limiting
relationships as

n_By

e = B, fore [ kil v, (23)
and
X = i_e_Qu_, for @ < k| vee. (24)

7o knTe
Equation (23) is the same as eq. (10) obtained in
the ideal MHD theory. Namely, when the wave
phase velocity co/|k”|is much higher than the
electron thermal velocity, the ideal MHD result is
reproduced. In the opposite limit, the density
fluctuation is related to the parallel component E”
of the electric field fluctuation. We note that E”
= 0 in the ideal MHD theory as shown in eq. (11).
For electrostatic fluctuations described by E=—
V &, ¢ being the electrostatic potential. Eq. (24)
describes the Boltzmann relation given by

L _ed

e T, (25)
In the intermediate region of the two limits, we have

T _ (- khoke)” [ﬂ_ ~e_kuELL]

g (1 22 B, M.aw? !’ (@6)

We note that the parallel magnetic and electric
fluctuations B ) and E i are not independent and
related to each other when the electromagnetic mode
is specified, though eq. (26) shows that both B
and E induce the density fluctuation. We see
from eq. (26) that the density fluctuation diverges
when w? = kfivZ /2. This means the breakdown of
the two-fluid theory, which is due to the lack of

wave-particle resonance effects. Therefore, we
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need analyses based on the kinetic theory taking
into account wave-particle resonance effects to
obtain the relationship between the density and
magnetic field fluctuations for the case of w ~
[ Ky | ve.

4. Kinetic Theory

In this section, we discuss the relationship
between the density and magnetic field fluctuations
based on the kinetic theory taking into account the
wave-particle resonances. The starting point is
the linearized Vlasov equation for the perturbed

distribution function 79 of the electron given by

2 7.

(6t+v vV — M v X

(E+—v><B) 2

av Oy

Me @7
where Fy is the unperturbed distribution function of
the electron. When the unperturbed distribution
function Fy is isotropic, the solution of eq. (27) in
an infinitely uniform plasma is given by [2]

ei&sin¢—in¢
— nwe — kyoy

x {Eu]n & o [l B mee s

riZ X B, g )]

e n=—w @

1 0F,
VL aUJ_}, (28)

where E = k0, / Wee, Wee (= — eBo/ M) the elec-
tron cyclotron frequency, ¢ the angle between v,
and k_, J, (&) the Bessel function of order # and J/,
= dJ,/dE. We assume here that the unperturbed
distribution function Fy is Maxwellian and is given
by Fo= @**v¥ ) 'exp (— v?/vk). We also
assume the quasi-charge neutrality, that is, #e =
#; (= #). The density fluctuation has been
calculated in ref. 3 for the case that the parallel
component of the electric field fluctuation is
neglected in eq. (28).

Integrating eq. (28) with respect to the velocity
v, we obtain

= Lmvldvif:dvuﬁzndgé 7e

= 3’;2 27L'f vldvlf_wdvn

{_ i!&_‘ﬁl__l_% i JZ(8)

ky kivy 001 pe_lneey

OB 9 &

19934 9 A

k. 0v, — kuwy
Jn (§) J'n (&) ~ 0F,
+ n=—§(n¢o) NWce ] tiEy oy
RO e L@
8 [C() —0- k“UH n-—oo(n*o) NWce ]] (29)

where we have used the approximation 1/(w —

Nnwee — kv ) & —1/nwee for n+ 0 since
| wee | ¥ @ — Eyvy|. Using the following rela-
tions

s LO_ 3

n=—wintey 7

SO @ =1-J20,

n=—oo(n+0)

and also Jo () =1 —E2/4 for |E] € 1, we can
obtain

- __ €eNny * had
= M. 27rj; vldef_wdvn

[k E. 1 kw, 9F,
ki W 2wce Ov.

LOI® _,

n=—co(n*0) n

RN (T E) 1 kv 0F,
ki w — ko 20 0,
= 1 oF,
+ lEll w — kuv“ ay”]y (30)

We see that the first term in eq. (30) can be
neglected as compared with the second term, since
the first term is smaller than the second term by
|w — kyvyl/| weel (€ 1). Using Faraday’s law
wB =k x E we finally obtain the relationship
between the density and magnetic field fluctuations
as

i__ o o \By
=~ Tet 2t B
. w [0] eEVH
ti [l T Z(l kyl vte) kTe’ @D

where Z (1) is the plasma dispersion function given
by
_ 1 f v e’

Equation (31) can reproduce the results of the
two-fluid theory. That is, we obtain, from eq. (31),

=%‘L, for @ > | ky| vee,
0

R
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We note again that the parallel electric field
fluctuation E” is proportional to the parallel
magnetic field fluctuation By in eq. (31) when the
electromagnetic mode is specified. Equation (31)
includes wave-particle resonance effects described
by the imaginary part of the plasma dispersion
function Z{(x). The wave-particle resonances
describe the Landau damping or transit time
damping by the electron. The imaginary contribu-
tion of Z (x) due to wave-particle resonances causes
the phase difference, for example, between the

density fluctuation # and the magnetic field

fluctuation Eu as shown in ref. 3. On the other
hand, the density and parallel magnetic field
fluctuations in the two-fluid theory are in phase
each other, since wave-particle resonances are
neglected. We show | 2Z (x) |and |1 + 2Z (2) | as
*a function of £ = w /| k) | v1e in Fig. 1.  We see that
|2Z ()| =0 and |1 +2Z (x) |— 1 as x— 0, and
alsolxZ (@ |—1and |1+ 2Z(x)|— 0as x— oo,
We note that the imaginary part of Z (x) becomes
important for x < 2, where the two-fluid theory
breaks down.

1.5 T T T
|xZ(x)|
1 =
0.5} 1+xZ(x)|
O 1 ! i
0 1 2 3 4

Fig. 1 |2Z (x) |and | 1 + 2Z () | as a function of 2= w/
| k| ve, where Z(z)is the plasma dispersion
function.
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5. Alfvén lon Cyclotron Fluctuations

In this section, we discuss the relationship
between the density and magnetic field fluctuations
for the AIC mode. We compare the expression
(31) obtained by the kinetic theory in the previous
section with the experimental results obtained by
means of measurement using both O-mode and X-
mode reflectometers in the GAMMA 10 experiment
(4].

We first estimate the ratio of the density to
There-
fore, we need to find the ratio of the parallel electric
field to magnetic field fluctuations, i.e., EH /B i for
the AIC mode. Since the AIC mode is destabilized
by the temperature anisotropy of the ion, we assume
the bi-Maxwellian distribution function as the
unperturbed distribution function of the ion, for
simplicity, in order to estimate the ratio EH/EH.
We also assume that Ex =1 Eu since the AIC mode
is left-hand polarized and K=k, X + kyZ. In
this case, from the dispersion equation of electro-
magnetic modes in an infinitely uniform magnetized
plasma [5], we obtain,

magnetic field fluctuations theoretically.

leye — i (ewe + min)1 E, = (e.c — n2) Ey,
(33)
with %, = ck,/w, n) = ck)/w and
k. Qﬁl {TJ.i
xz — 1 =—1
& kn @? Ty

A bk ]

W+ 2w , (@ + Aoy

% |k|l|vti Z( |k|||vﬁ )]’ (34)

- ki T o )

Eu ki w? { Ty |k|l|UtiZ(|kL|vti)

1 Ty

3 A=Z:tl [(1 + ) Tu ]l
w+ Awg <a)+lwCl

% [kl oy z e )]’ (35)

_Z_QL[

(kjvee)® + |kllal)vte Z(lkual)vt)l’

(36)
where ¢&z;, &. and &, are the elements of the
dielectric tensor for the AIC mode, T.; and T the
perpendicular and parallel temperatures of the ion,
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V2Ti/M; , wp; (= vetn/eM;)
the plasma frequency, and we have assumed k.0
€1 (o =VTu/M /0. Using E,= (0/k.) By
and eq. (33), we then obtain,

respectively, vy =

_E;_U_ — :) Eyz i (511, + nn ) (37)
By L €2 — ML

If we substitute eqs. (34) through (36) into eq.
(37), we can obtain, for k.0 < 1,

—EJin”te Me kjvie
B, 2 M o
MEns *wj)—l] [+ ez (tmse)l

Ikn | vee <| Kl vte) (38)

Since eBo/kyTe = 2 (M;/ M.) (wg/ kyvZ), substi-
tuting eq. (38) into eq. (31), we finally obtain

nl’; = {_ Wc\ﬁ)vte Z<| knaf Ute>
-2
x [1 + T Tos Z(tluk” [o )”"“39)

We next mention fluctuations which are
considered to be the AIC modes observed in the
GAMMA 10 experiment by means of the reflecto-
meter measurement [4] and compare eq. (31) with
the experimental results. The AIC modes have
been already observed in GAMMA 10 by means of
the magnetic probes, where the strong temperature
anisotropy of the ion is created by ICRF heating in
the central cell [6]. The fluctuations increase with
the increase of the central-cell beta value and the
temperature anisotropy of the ion, i. e., T/ T
The signals from both the O-mode and X-mode
reflectometers can be consistently explained only
by the existence of both the density and magnetic
field fluctuations, since the O-mode signals are
depending on the density fluctuation only and X-
mode signals are related to both the density and
magnetic field fluctuations. The ratio of the O-
mode phase change 0@ to X-mode phase change
0Py is given by [7]

0D
00y

HEOBE IS

1993 9 A

ko (it e /1)
kx[n /ny + (wxlwcel/wpe) BH/BO]

(40)

where wx is the frequency of the X-mode incident
wave, ko and kx the wave numbers of the O-mode
and X-mode incident waves, respectively. In the
experiment, the ratio of the density to magnetic field
fluctuations is estimated as | #e /0| /| EH/BOI =
0.7 — 1.5 from eq. (40). On the other hand, using
the experimental results, ® = 09wy, T,/ T);; =8

— 14, w/lkylve=05—0.7 and (0 — wg)/
| kylvy = 1.2 ~ 2.0, we obtain
w 9 - _

llklllvtezmlllvte ~0.8 1.0,

Da L< &_co_)_

w [T”i 1 Wei 1]

@ T Wi W~ Wei
X — ~ — ~
e taresz(trres)l|= - o1~o0z

Then we obtain | #e/nel/| By /By| ~ 0.7 — 1.2
(39) as the theoretical estimation.
we see that both theoretical and
experimental results are in good agreement with
each other. Since the second term is smaller than
the first term by factor four to one order of
magnitude in eq. (39), we also find that the parallel
magnetic field fluctuation dominates the density
fluctuation associated with the AIC modes observed
in the GAMMA 10 experiment. This result
justifies our previous analysis in ref. 3, where the
contribution from the parallel electric field fluctua-
tion is neglected. The density-fluctuation level is
estimated as | e/#o] = (2 — 4) X 107*, which is
very low as compared with the fluctuation level of
electron drift waves, | #e/#,| = (1 —10) X 1072,
observed in GAMMA 10 [8].

from eq.
Therefore,

6. Summary

We have discussed the relationship between
the density and magnetic field fluctuations associ-
ated with electromagnetic plasma waves in an

- infinitely uniform magnetized plasma based on the

ideal MHD theory, two-fluid theory and kinetic
theory. Intheideal MHD theory for a cold plasma,
the density fluctuation is related to the parallel
component of the magnetic field fluctuation. In the
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two-fluid theory for a warm plasma, where the
quasi-charge neutrality is assumed, the density
fluctuation arises from the parallel components of
the magnetic and electric field fluctuations. When
the wave phase velocity is much higher than the
electron thermal velocity, the MHD result is
reproduced. In the opposite limit, the Boltzmann
relation is obtained for electrostatic fluctuations.
The two-fluid theory breaks down when the wave
phase velocity is comparable to the electron thermal
This is due to'the lack of wave-particle
In the Xkinetic theory,
obtained the expression for the density fluctuation

velocity.
resonances. we have
including wave-particle resonances described in
terms of the parallel components of the magnetic
and electric field fluctuations. The kinetic ex-
pression covers the results of the two-fluid theory.
Concerning with the ratio of the density to magnetic
field fluctuations for the AIC modes observed in the
GAMMA 10 experiment by means of the reflecto-
meter measurement, we have compared the kinetic
expression with the experimental results and have
found that both results are in good agreement with
each other.
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